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Dynamics and Control of Spacecraft with
Retargeting Flexible Antennas

Leonard Meirovitch* and Moon K. Kwakf
Virginia Polytechnic Institute and State University, Blacksburg, Virginia

This investigation is concerned with the dynamics and control of a spacecraft comprising a rigid platform and
a given number Of retargeting flexible antennas. The mission consists of maneuvering the antennas so as to
coincide with preselected lines of sight while stabilizing the platform in an inertial space and suppressing the
elastic vibration of the antennas. The paper contains the derivation of the equations of motion by a Lagrangian
approach using quasicoordinates, as well as a procedure for designing the feedback controls. A numerical
example involving a spacecraft consisting of a rigid platform and a flexible antenna is presented.

I. Introduction

I N many space applications, it becomes necessary to reorient
a certain line of sight in a spacecraft. Examples of this are

the reorientation relative to an inertial space of a space tele-
scope or of an antenna in a spacecraft. In some cases, such as
the space telescope, this amounts to reorientation of the entire
spacecraft. Many spacecraft can be represented by mathemat-
ical models consisting of a rigid platform with one or several
flexible appendages, such as flexible antennas, so that the
mission involves the maneuvering of a hybrid system.1"5

Quite often, however, the line of sight coincides with an axis
fixed in an antenna, in which case it may be more advisable to
retarget only the antenna and not the entire spacecraft. This is
particularly true when the inertia of the antenna is much
smaller than the inertia of the spacecraft. The argument be-
comes even stronger when several antennas must be retargeted,
and each one must be reoriented into a different direction in
space. In such cases, it appears more sensible to conceive of a
spacecraft consisting of a rigid platform stabilized in an iner-
tial space and several appendages, rigid or flexible, hinged to
the platform and capable of pivoting about two orthogonal
axes relative to the platform. In this case, reorientation relative
to the stabilized platform is equivalent to retargeting in an
inertial space. This paper is concerned with retargeting of flex-
ible antennas.

Figure 1 shows a spacecraft comprising a rigid platform and
a given number of flexible appendages. Assuming that the
flexible appendages represent antennas, the mission consists of
maneuvering the antennas so as to coincide with preselected
lines of sight. Of course, because the system linear and angular
momenta are conserved in the absence of external forces and
torques, reorientation of the antennas will cause perturbations
in the platform. Hence, the mission design can be regarded as
involving several interdependent tasks. The first task is to
select and implement policies for the maneuvering of the an-
tennas relative to the inertial space. The second consists of
stabilizing the attitude and position of the platform relative to
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the inertial space. The third task is simply to suppress any
vibration of the flexible antennas caused by the maneuver. Of
course, maneuvering of the antennas, stabilization of the plat-
form, and vibration suppression are to take place simulta-
neously.

The motion of the spacecraft is conveniently described by six
ordinary differential equations for the three rigid-body trans-
lations and rotations of the platform, and by partial differen-
tial equations for the elastic deformations of each antenna.
For practical reasons, the latter are transformed into sets of
ordinary differential equations, thus reducing the control
problem to a regulator problem i This is no ordinary regulator
problem, however, as the maneuvering of the flexible antennas
relative to the platform induces time-dependent coefficients.

Under certain circumstances, the time-varying terms are suf-
ficiently small that they can he ignored in the control design.

Elastic Appendage N

Fig. 1 Mathematical model of the spacecraft.
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Even then, however, the full time-varying system must be con-
sidered in implementing the feedback controls designed on the
basis of the time-invariant system.

This paper contains the derivation of the equations of mo-
tion for the spacecraft just described, as well as the procedure
for designing the feedback controls. The equations of motion
were derived by a Lagrangian approach using quasicoordi-
nates,6 and optimal control gains were obtained by using a
quadratic performance measure.7 The approach is demon-
strated by means of a numerical example involving a space-
craft consisting of a rigid platform and a single flexible an-
tenna. The antenna undergoes a 45-deg reorientation relative
to the platform while the platform is being stabilized relative
to an inertial space and the vibration of the antenna is being
suppressed.

II. Derivation of the Equations of Motion
Let us consider a spacecraft consisting of a rigid platform

and a given number of flexible antennas hinged to the plat-
form. The object is to retarget the flexible antennas so as to
point in different directions in an inertial space. The strategy
consists of stabilizing the rigid platform relative to the inertial
space and maneuvering the flexible antennas relative to the
platform. In this section, we propose to derive the equations of
motion capable of describing this task. To this end, we use a
new formulation of Lagrange's equations for flexible bodies in
terms of quasicoordinates.6

To describe the motion, we introduce a set of inertial sixes
XYZ with the origin at 0, a set of body axes xyz coinciding with
the principal axes of the rigid platform and with the origin at
the mass center o of the platform, and sets of body axes x^y^.e
embedded in the elastic appendages in undeformed state and
with the origin at the hinge points (e = 1,2,. . . ,N). The body
and the various axes are shown in Fig. 1. The position vector
of a point in the rigid body and a typical flexible appendage
can be written as Rr = R0 + r and Re=R0 + roe + re + ue
(e = l,2,. . . v/V), respectively, where R0 is the radius vector
from 0 to o, r is the position vector of a point in the rigid body
relative to o, roe is the radius vector from o to e, re the nominal
position vector of a point in the undeformed appendage e, and
ue is the elastic displacement vector of that point. We note that
vector R^ is given in terms of components along XYZ, r and roe
in terms of components along xyz, and re and ue in terms of
components along xeyeze - We assume that axes'xyz rotate with
the angular velocity to relative to the inertial space, and that
xeyeze rotate with the angular velocity we relative to axes xyz,
where <o is in terms of components along xyz, and we is in terms
of components along xeyeZe- Thus, denoting by Ee the matrix
of direction cosines between axes xeyeze and xyz, the velocity
vector of a point on the rigid body and one on a typical elastic
appendage can be expressed as

Rr= K 0 + < o x r (la)
Re = Ee(V0 + uX roe) + (Eeo> + ue) x (re + ue) + ve

e = l ,2 , . . . ,AT (Ib)

where V0 is the velocity of o in terms of components along axes
xyz and ve is the elastic velocity vector of a point on the
appendage e as measured relative to axes xeyeZe • Note that Rr
is in terms of components along xyz and Re in terms of compo-
nents along xeyeze • We also note that

C =

= CRO

ve = iie e = 1,2,. . .,7V

(2a)
(2b)
(2c)

in which, for the particular choice of angular displacements
shown in Fig. 2,

C02c03

-C02S03

502

D =
C02C03 503 0"

-C02503 C03 0

502 0 1

(34)

(3b)

where s0/ = sin0, and c0/ = cos0/ (/ = 1,2,3). We observe that C
is a rotation matrix permitting us to express the velocity vector
of point o on the rigid platform in terms of components along
xyz. and 0 is a vector of angular velocity components represent-
ing time derivatives of the angles 0i, 02, and 03, as opposed to
w whose components can be interpreted as time derivatives of
quasicoordinates.6

Because the maneuver angular velocities coe are given, the
unknown motions are defined by the rigid-body motions V0
and (o and the elastic motions ue (e = 1,2, . . . ,AT). Hence, La-
grange's equations in terms of quasicoordinates consist of the
hybrid set6

d

r, dL

dt\dve/ due

(4a>

(4b)

(4c)

where L = T — V is the Lagrangian in which T is the kinetic
energy and V is the potential energy, Le is the Lagrangian
density and fe the kinetic energy density for appendage e, and
£e is a matrix of homogeneous differential operators. More-
over, F and Mare nonconservative force and torque vectors
associated with the rigid-body motions of the spacecraft, both
expressed in terms of components along xyz, and Ue
(e = 1,2,. . .N) are nonconservative force densities associated
with the appendages and are given in terms of components

C'

Fig. 2 Angular displacements and velocities of the rigid platform.
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ajong xeyeze> Equations (4) are hybrid in the sense that Eqs.
(4a) and (4b) are ordinary differential equations and Eqs. (4c)
are partial differential equations. It should be noted that the
tilde over a symbol indicates a skew symmetric matrix with
entries corresponding to the components of the associated vec-
tor.6 The displacement vectors ue are subject to given boundary
conditions.

Control design in terms of hybrid differential equations is
not feasible, so that we must resort to discretization in space of
the partial differential equations. To this end, we let the elastic
displacement vector of a given point of appendage e have the
form

where $e is a matrix of admissible functions8 and qe is a vector
of generalized coordinates. Equation (5) permits us to replace
the partial differential equations [Eq. (4c)] by the ordinary
differential equations

£ (meroerT
oe

Ir = \mrrrT dmr

(9b)
,

(9c)

(9d)

(9e)

-(90

(9g)

(91)

d fdL\ dL _
~ ~

= l,2,. . .,7V

where

(6)

(7)

Next, we propose to derive the system equations of motion
using Eqs. (4a), (4b), and (6). To this end, we must derive
expressions for the Lagrangian, which involves the kinetic
energy and the potential energy, and the virtual work of the
nonconservative forces. Using Eqs. (1), the kinetic energy can
be written as

Re
TRedme

—W JL ( W T ~ leue

+ vl N

I
e=\

««+ </ £ (r0JETSTe +£//,X

N

' e=\

e=\

e=\
where we note that, assuming small elastic motions, terms of
order higher than two involving the elastic displacements have
been neglected. Because the rigid-body motions of the plat-
form are caused by the motion of the appendages, whose
inertia is small relative to the inertia of the platform, the
rigid-body motions are also sufficiently small that terms of
order higher than two in these motions can be ignored. The
various quantities entering into Eq. (8) are as follows:

jfi, = m r+y>« (9a)

Similarly, the potential energy has the expression

V = [ue,ue] =

(9k)

(91)

(10)

where Ke = [$e, $«,], in which the symbol [ , ] represents an
energy inner product.8

Before deriving explicit equations of motion, it is advisable
to express the generalized forces appearing on the right side of
Eqs. (4a), (4b), and (6) in terms of actual forces. To this end,
we denote by F0 the actuator force and by M0 the actuator
torque acting on the platform. In addition, every appendage e
is subjected to a distributed actuator force vector/,. The vec-
tors F0 and M0 are in terms of components along xyz , and the
vectors/ are in terms of components along xeyeze. In writing
the virtual work, we propose to express all vectors in terms of
components along xyz. Consistent with this, we write the dis-
tributed force in the form

/*=£//, (11)
where Ee is the matrix of direction cosines defined earlier.
Moreover, the virtual displacement associated with a point on
appendage e can be written in terms of components along xyz
as

bRe = - [roe /re)] 66* (12)

where dR*and 60* can be identified as virtual quasidisplace-
ment vectors. Hence, considering Eqs. (Ib), (11), and (12),
recalling that ue is a given quantity and ignoring second-order
effects, the virtual work in terms of actual forces can be writ-
ten in the form

bW = + MJ60* + (fe*)T5Re dDe

fjEe {

- [fo * +Ee
Tdue] dDe =

(13)



244

where
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Ee
TfedDe

Moreover, from Eq. (13) we conclude that

so that, using Eqs. (7),

(14a)

(14b)

(15)

(16)

At this point, we wish to cast the equations of motion in
state form. The obtain the state equations, we adjoin Eqs. (2)
to Eqs. (19). In view of the small motion assumption, as well
as the spatial discretization, Eqs. (2) reduce to

V0 = R0 (20a)

w = 0 (20b)

Pe = <Ie> e = l ,2, . . . ,Af (20c)

where the notation is obvious. Introducing the state vector

%• — \I>T &T f,T ~T ~T wsT *T ~T ~T ^rir /-»i\* — l/v> " (71 f/2 • • -QN "o w Pi p2 • - -pN\ (21)

In practice, we use point actuators instead of distributed ones. the state equations can be written in the compact matrix form
But, discrete forces can be regarded as distributed by writing

x(t) = A (t)x(t) + E(t)f(t) + D(t)d(t) (22)
fe = (17)

where Fei are time-dependent force amplitudes and 6(re — rei) in which
are spatial Dirac delta functions. Inserting Eqs. (17) into Eq.
(16), we obtain

Qe=

(18)

The equations of motion are obtained by inserting Eqs. (8),
(10), (14), and (18) into Eqs. (4a), (4b), and (6). The result is

Wt Vo + S} (i) -

N

e= 1

= F0 +

N

e=\

E
e=l i=l

(19a)

St V0 + Itu +f] [El(2&ele - trIeue)Ee + 2roeEj( Sewe)Ee]w

•/*, + foeEe
T^e)qe + ) (2roeE?S>ei>e

Je(ue)] }qe = M0
e=l /=!

[roeEe
T(Seue + «A«e)

(19b)

1 = 1

0

-M~\t)K(t) \-M~\t)G(t)

z , ze

Elastic Appendage

Final Position\

(23a)

(23b)

(23c)

(19c) Fig. 3 The spacecraft with a single maneuvering flexible appendage.
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where

M(t) =

mtl
St

Afl

is a mass matrix,

0 0 Ef(S)i + <
0 0 ~rolE?(u\ + iO*! + Ef\
o n K 4- ^/ d > ^

0 0

plays the role of a stiffness matrix, and

0 2 £ Ee
T(Seue)Ee

e=\

0 G22

in which

KN

(24a)

(24b)

(24c)

(25a)

(25b)

where tr denotes the trace of the matrix. Moreover,

7 61 Z?2

0 c1 0
0 0 c2

. . bN

... 0

. . 0

0 0 0 . . . c

(26)

is a matrix relating the discrete force vectors to the modal vectors, where

be =
?<>£?+ Ejren

Finally,

= [F0 M0 F\\

(27a)

(27b)

(28)
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is recognized as the actual control vector, and

- *f«i + I
J (29)

is an inertial disturbance vector

III. Maneuvering and Control
The maneuver consists of retargeting antennas so as to point

in given directions in the inertial space. By stabilizing the plat-
form in an inertial space, the task reduces to reorienting the
antennas relative to the platform. For a minimum-time ma-
neuver, the control law is bang-bang, which implies that the
angular acceleration of an antenna relative to the platform is
constant, with the sign changing at half the maneuver period.
Ideally, the maneuver should not cause elastic deformations in
the flexible appendages. This is likely to require a long maneu-
ver time, which is in conflict with the minimum-time require-
ment. Hence, elastic deformations are likely to occur, which in
turn implies perturbation of the platform from a fixed position
in the inertial space.

The motion of the system is governed by Eq. (22). The
system is characterized by two factors that distinguish it from
most commonly encountered systems: it is time-varying and it
is subjected to persistent disturbances. Both factors arise from
the retargeting maneuver angular velocities <oe, angular accel-
erations <be, and the matrices Ee of direction cosines
(e = 1,2,. . . ,Af), all quantities being known functions of time.
Consistent with the nature of the system, we consider a control
consisting of two parts: one part counteracting the persistent
disturbances and a second part driving the state to zero. The
control counteracting the persistent disturbances is open-loop,
and the regulator is closed-loop. Hence, we assume a control
in the form of the sum

(30)

(31)

(32)

(33)

(34)

so that, inserting Eq. (30) into Eq. (22), we obtain

x(t) = A (t)x(t) + B(t)\f0(t) +/c(0] + D(t)d(t)

The open-loop control is assumed to satisfy

so that, recalling Eqs. (23b) and (23c), we obtain

where
(B*)l'=[(B*)TB*]-l(B*)T

is the pseudoinverse of B *. From the nature of the matrix B *,
Eqs. (26) and (27), it is clear that (B *)t exists, provided that the
actuators are placed so that the matrices $(rei) have full rank.

The closed-loop control is assumed to be optimal, in the
sense that it minimizes the performance index

= l-xT(tf)Hx(tf) + \ dt (35)

where t0 and //are the initial and final time, respectively, and
H, Q, and R are coefficient matrices to be selected by the analyst.7
Minimization of J yields the optimal control law

/= -R~lBTpx (36)

where P is an optimal control gain matrix satisfying the matrix
Riccati equation

P= -PA -ATP-Q+PBR~1BTP (37a)

H (37b)

The closed-loop state equation is obtained by inserting Eqs.
(33) and (36) into Eq. (31), with the result

(38)

-0.6

Fig. 4 Time history of the appendage maneuver.
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Fig. 5 Time history of the uncontrolled tip elastic displacement.
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-0.01

Fig. 6 Time history of the rigid-body translations (Q = 100 /,
R= 0.0017).
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where

247

AC=A-BR~1BTP =

in which P2\ and P22 are submatrices of P, and

Clearly, how well the control is able to drive the elastic vibration
and the deviations of the platform from equilibrium relative to
the inertial space to zero depends to a large extent on how close
Dc is to the null matrix, which in turn depends on how close the
matrix B * is to a square matrix. The latter depends on the number
of actuators.

IV. Numerical Example
The preceding developments have been applied to a space-

craft consisting of a rigid platform with a single flexible ap-
pendage in the form of a beam (Fig. 3). The maneuver consists
of slewing the beam relative to the platform through a 45-deg
angle about the x axis, so that we = [/3X 0 0 ]T. The time history
of the angular acceleration J8X is a smoothed bang-bang, where
the smoothing was used to reduce the elastic deformations of
the appendage. Plots of the angular acceleration $x vs angular
velocity fc, and angular displacement ft, vs time are shown in
Fig. 4. The elastic motion consists of bending vibration in the
x and y directions, with the vibration in the z direction being
identically equal to zero. The vibration was represented by five
admissible functions in each direction, so that the matrix 4>e in
Eq. (5) is 3 x 10 and the vector qe is a ten-dimensional vector.
The admissible functions have the expressions

<l>Xj = - (cos/3/z - cos/3/z) + Cj(si - sinh/3/z)
7 = 1,2,... ,5 (40)

which are recognized as cantilver modes.8 The admissible func-
tions <t>yj (j' = 6,7,. . . 10) have exactly the same expressions.
The coefficients in Eq. (40) have the values C, = 0.7341,
1.0185, 0.9992, 1, 1, and the arguments of the trigonometic
and hyperbolic functions can be obtained from &jle = 1.8751,
4.6941, 7.8548, 10.9955, 14.1372, where ge is the length of the
beam. The mass matrix [Eq. (9g)] and stiffness matrix [Eq.
(10)] are 10 x 10 and have the block-diagonal form

Me- |.~6 !AS£-| <41a>

(41b)

where

Ken = Ke22 = ̂  (Pite¥(PjleWv, ij = 1,2,... ,5 (42b)

Moreover, the matrices $e and 4>e given by Eqs. (9h) and (9i),
respectively, are 3 x 10 and have the form

*e 0

0 4>e

0 0

(43a)

...............
\-M~l[G + B*~R-

(39a)

0 ~<j>e

<l>e 0

0 0
(43b)

where 0e = me[0.783 0.434 0.254 0.182 0.141] and 4>e =
mele [0.569 0.091 0.032 0.017 0.010]. Other numerical values
used are

mr - 15.6 slugs, me =0.15 slugs
Se = [0 0 0.375]rslugs-ft

13 0 0
0 48 0
0 0 59

slugs • ft2

1.25 0 0
0 1.25 0
0 0 0

slugs • ft2

4 = 5 ft, EIe = 500 Ib • ft2, roe = [00 0.4]r ft

Figure 5 shows the time history of the tip elastic displace-
ment of the appendage in the absence of control. Although
five admissible functions were used to represent the elastic

0.02

0.00

-0.02-

-0.04-

-0.06-

-0.08

-0.10

,Controlled

-Uncontrolled

0 1 2 3 4 5

t(s)

Fig. 7 Time history of the rigid-body rotation (Q = 100 /, R =
0.001 /).

0.012

0.006'

-0.000

-0.006 -

-0.012

Fig. 8 Time history of the tip elastic displacement without and with
control (Q = 100 /, R = 0.001 /).
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displacements, sufficient accuracy can be obtained with a sin-
gle admissible function alone. Indeed, there is no discernible
difference in the open-loop response using one or five admissi-
ble functions, as can be verified from Fig. 5.

Figures 6 and 7 show time histories of the rigid-body trans-
lations and rotation of the platform during the maneuver,
respectively, without and with control. Finally, Fig. 8 shows
the tip elastic displacement of the appendage during the ma-
neuver, without and with control. The controls were imple-
mented by six actuators mounted on the rigid platform and
two actuators each for the x and y directions and located on the
appendage at z= 4/2 and z - 4-

For the values of the parameters chosen, the time-varying
terms in the coefficient matrices turned out to be small com-
pared to the constant terms. In view of this, the control gains
were computed as if the system were time invariant. They were
obtained by solving the steady-state Riccati equation in con-
junction with Potter's method.9 The coefficient matrices A
and B used in the solution were according to the premaneuver
state. Moreover, we chose the performance index coefficient
matrices // = 0, Q = 100 7, and J? = 0.001"/, where / is the
identity matrix. This assumes large final time f/.'It should be
stressed once again that the time-invariant system was used
only for computing the control gains, and the closed-loop
response plots were obtained by considering the actual time-
varying system, as described by Eq. (38).

V. Summary and Conclusions
The equations describing the motion of a spacecraft consist-

ing of a rigid platform and retargeting flexible antennas can be
derived most conveniently by means of a Lagrangiari approach
in terms of quasicoordinates. The strategy used consists of
stabilizing the platform relative to an inertial space and ma-
neuvering the antennas relative to the platform. In general, the
equations are nonlinear and time varying. In the case in which
the inertia of the antennas is small relative to that of the
spacecraft, the equations can be linearized, although they re-
main time-varying. In addition, the equations contain persis-
tent disturbances due to inertial loading.

The control can be divided into two parts, the first counter-
acting the persistent disturbances and the second providing
regulation of the system. The state subject to regulation con-
sists of the deviations of the platform from equilibrium rela-

tive to the inertial space and the elastic motions of the ap-
pendages. The feedback control gains for the regulator can be
made optimal by minimizing a certain performance measure.

In the case investigated the time-varying terms were rela-
tively small so that the control gains were computed on the
basis of the time-invariant system obtained by ignoring the
time-varying terms. However, in determining the response, the
resulting control forces were applied to the actual time-vary ing
system, thus validating the efficacy of the control design.
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